Proor.—Suppose a, b, . . . to be the quantities of a normal system. 
Then, by definition, 


| b]J=[a| c]=[b | c]=. . . , and at . . 
Let now a change into a,=za+yb and b into b,—+(xb—ya) where 


We are to show thata,, b,,¢... constitute anormal system. We 
have 


yb)? =x? a*+y"b*, since [a | b]=0, 
by hypothesis. 
Similarly, we can prove b,*==b?. 
Also, [a, |b, J=+[(2a+yb) | 
Finally, | | ¢]+y[b | c]=0. 


Hence, by definition, a,, b,, ¢, . . . constitute a normal system. 

128. The combinatory product of quantities of a normal system is unaltered 
by positive circular alteration, and has its sign changed by negative circular alter- 
ation. 

Using the notation of 127, we have 


yb)(ab—ya)] =r? [ab]—y? [ba] (384)=(x? + y* )[ab]=[ab]. 


129. All the quantities of a normal system are independent. 
Proor.—Suppose a, b, c,... to be quantities of a normal system. Let 
us assume for the moment that they are not independent and that 


a=jb+ye+... 
We multiply both sides by Ja. Then 
a®=3[b | a]+y[c] a]+. .. =0. (124) 


But a®=0 contradicts the hypothesis in 124. Hence the quantities of a 
normal system are independent. 


130. The system of the original wnits (11) is a perfect normal system whose 
numerical value is unity (125). 
Proor.—Let e,, . . . ¢, be the original units. Then (120) 


and 0=[e, }e,)=. 


131. PRrosection.—DeFiniTION.—If n is the order of the space considered, 
a,....@, are independent quantities of the first order, A,, 4,,...A, are the 
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multiplicative combinations of these quantities of any one class, A,,...A,, the 
multiplicative combinations of m of the same quantities a,,.. .a,, and 


A'=a,A,+a,A,+.. 


A’ is called the projection of A on the space [a,, a, . . .a,,] by exclusion 
of the space [am .1, .. -@,]. 

ReEMARK.—We have introduced here for want of a better the geometrical 
term projection to translate Zuriickleitung. Literally Zuriickleitung means ‘‘lead- 
ing back.’’ 

132. The projection A’ of a quantity 4 ona space B by exclusion of the 
space C is 

[B.AC] 
[BC] 


Proor.—Let the quantities be taken as in 131 and let 
RB, [am + C. 
Then [AC] ...+a,A,» 4 


But since A,,...4A,, are the combinations formed out of a,, .. .a,, and 
Ami, ...A, those out of a,,...a, which are not at the same time ecombina- 
tions out of a,... .a,, then must each of the quantities A» ...A, contain at 
least one of the factors of am... .a,, and thus must have a factor in common 


with C. Therefore the terms 


are each equal to zero. (43) Hence 


[AC]=[(a,4,+.. 


[B.AC]=a,[B.A,C] +... +a, [B.A,,C]. 


Since now each of the quantities A,,...A,, consists of factors which are 
contained in B, then is each of the same incident to B. Consequently, since the 
orders of B and C are together equal to n, by (72), we have 


[B.A,C]=[BC]A,, {B.A,C]=[BC]A,, 
and therefore 


Now since [BC] is a number, we get 


ig 
> 
5 
\ 
Om 14m if .4,A,C 


[BC] 


133. If the projections taken in the same sense of the terms of an equation re- 
place those terms, the result is a true equation. 
Proor.—Let Q be the space on which the projection is made, R that ex- 


sical cluded and [QR]=1. Then if the given equation is 


>| 


P=--a.a + 3B 


‘ical 
+... 


the and .. 
or, 


where 1”, 4’, . . . are the projections of terms in the given equation. 

134. Derinit1Ion.—The projection 4’ of a quantity 4 on a space B by ex- 
clusion of the space | B is called the normal projection. 

From 132 we have for the normal projection 


CHAPTER IX. 
INNER PRODUCTS, NORMAL SYSTEMS, AND PROJECTION IN GEOMETRY. 
135. Let 2, and z, be two unit vectors constituting a simple normal sys- 
tem of the second order. Then by definition 125 


l 


We have also by definition of complement (57) |[7,==2, and |z,=—12, 
since these values make 2, | and tg | (387). Also 
and z,=-—z, (60). 
Thus we see that taking the complement 
of a vector twice reverses it, 7. e. revolves it 
through 180°, so that we are led to suppose that 
taking it once would revolve the vector through 
90°. If this view of the complement can be 
shown to be consistent with the laws of the 
Ausdehnungslehre, we will adopt it. 
We have introduced above the following equations whose geometrical in- 
terpretation we append to each. 
(1) 2,2,.=1=the unit of area (88). 
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(2) [z,==-—12,, 7. e. taking the complement of 2, revolves it in the positive 
direction, opposite to the motion of the hands of a watch, into —z,. 

(3) 2, (84). 

(4) Let p=az,-+y2, be any vector in the plane. 
Then, 58, 


4 | 1, | 


The last value shows that |» is OA’, at right 
angles to OA. Thus here again taking the comple- 
ment of a vector revolves it through 90° in the posi- 
tive direction. 

136. Comparing now the last part of the preceding article with 126-127 we 
see that the system whose units are z, and 2, is transformed by circular altera- 
tion into that whose units are and |», provided x* +y?=-1, which makes the tensors 
of the new vectors each equal to unity. Thus circular alteration turns each of 
the units through the same angle in the same direction. 

37. If &, and &, are any two vectors, &, | €,==0 is the condition that these 
two vectors are perpendicular to each other. 

For, |€, denotes a vector perpendicular to ¢, and €, | €,=0 denotes that 
é, and | €, coincide. 

138. Let ¢,, 23, 4; be three unit vectors constituting a simple normal sys. 
tem of the third order. Then by Definition 125 


tgtg== 1, ty 2, =0, | 
We have also, by definition of complement (57), 
Thus we see (89) that the complement of a line is a plane, and the com- 
plement of a plane is a line. 


Let + yt, line in space. Then, (58), 


] ‘ 
= —yt, (at, —21,)] 


By 89 the right member equals the plane 
segment formed with rz, —yz,and —z22,. 

Now » is perpendicular to each of these 
vectors and therefore perpendicular to their 
plane. For 


((az, +225) | (az, —yt,)]=0, and 
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since, by hypothesis, | 7, ]=0, ete. 

Hence the complement of a vector is a plane perpendicular to it. 

189. Prosections..—Let p—wxe; +yé, be given to find its projection on &, and 
é,, respectively. 

Expressing » as the sum of its projections on €, and ¢,, we have 


[e, } |] [vey 
+ (152) 
2] 
since [vé,], and [vé,] are scalars in plane space. 
140. To express » as the sum of its projections on any three vectors &,, &, &. 


141. To express p as the sum of its projections on any four points p,. Po, 


[PiPePsPal [P PsPsPs] [Pi 


[PiPePsPs] 

See Articles 95 and). The substitution of py for p (76) in the last equa- 
tion may serve to throw light on this case of point projection. 

142. Since the formula of 152 is general in its application, the quantities 
in the equation of 140 may be all points, or all vectors, or all lines, or all plane 
vectors. In the equation of 141 the points may all be replaced by planes. 

143. Following Hermann Grassmann Jr. in his notes to the Ausdehnungs- 
lehre of 1862, we will illustrate the formula of 132 by some geometrical exam- 
ples. We suppose the quantities considered situated in solid space (4th order). 

(1) To find the projection A’ of A on B by exclusion of C where A and C are 
points and B is the plane segment. MN. 

A' is the point where C4 pierces B taken such that 
A--nC+A’. For, multiplying both members of A=nC-+-a’ 
by C, we have [AC]=-[A’C]. Again multiplying B by 
both members of the last equation, we get [B.dC]=[B.A’C]. 

But [B.A’'C]=|BC]A’ (72); whence A’=-[B.AC]+[BC]. 
By symmetry nC is the projection of A on C by exclusion 
of B. 
(2) To find the projection A’ of the plane segment 
A by exclusion of the point C. 
We have A=A’+P where P is in the plane 
passing through C and the intersection of A and B. 
Proof follows lines of (1). Begin by multiply- 


ing through by C. 
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We have also P is the projection of A on C by exclusion of B as in (1). 
144, Suppose [9.9,q,] denotes a plane and [p,p,] a line. Then their 
stereometric product is a scaler times their point of intersection (111). Now let 


by multiplying the members of the first equation by p, and p, in turn, thus get. 
ting values for «and y. Now multiply the members of the last equation by |q, 
and at the same time write [q.9q,9,] as [q, (138). Then 


or 
Putting qg,-=p, and we have 
P,—=1 in the same equation, we have 


This equation holds also when the p’s are replaced by vectors, 
145, Suppose [p,p.p,] denotes a plane and La line. Then (111) 


by multiplying through by [p.ps]. [psp,], [p,p2] in turn, thus getting values 
for x.y, 2. Now for L put and multiply the members by ]q,. Then 


14s) 14,42 1495) 


or. 1919293] PolQ: | (55, 64, 144). 
Ps 


In this equation planes may be substituted for points. 


|To be Continued. | 
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TWENTY-FIFTH ANNIVERSARY OF PEDAGOGIC ACTIVITY 
OF VASILIEF. 


By HUGH A. MILLER, Kazan, Russia. 


Having read in your magazine [November, 1897] the biography of Alex- 
ander Vasilievitch Vasilief, and gathering from that article the estimation in 
which he is held, I thought that the American mathematical world might be in- 
terested to hear of the celebration by the Professor of his twenty-fifth year of 
pedagogic activity, at the ceremony in connection with which I had the honor to 
be present. 

On the 12th of December, the day of the anniversary, The Volga Messen- 
ger, one of the principal papers of Kazan, wrote an article in praise of Vasilief. 
It spoke of him as a man of science, as a professor, and also as an active spirit 
in public life. 

As aman of science Alexander Vasilievitch was possessed of remarkable 
knowledge in all branches of his subject, and moreover not content with possess- 
ing that knowledge, he had striven to impart it to his fellowmen by means of 
books, pamphlets, and public lectures ; of special value were his works on Lo- 
batchefsky, Tchebeshef, and Auguste Comte. 

As a professor he had taken the interests of all students to heart, and in 
his endeavor to improve their minds, he had inspired them with a love 
for science, and by his personal influence kept burning the sacred fire of 
enthusiasm. 

As an active spirit in public life, Vasilief had always done his best to for- 
ward the interests of society at large, especially devoting his attention to the 
wants and requirements of the masses, and directing his efforts to the raising of 
their intellectual and economical condition. 

His speeches on that subject had shown broad and progressive views, and 
had always met with the highest approval. 

Telegrams from all parts of Russia and Europe had been pouring in since 
the eve, and by 12 noon on the day itself the inhabitants of Kazan began to ar- 
rive in order to congratulate Vasilief in person. 

Among the first to come was a deputation of mathematical students, rep- 
resenting all four courses ; they bore an address bound in a handsome leather 
cover. The address was ‘*To A. V. Vasilief on the occasion of the celebration of 
of his 25th year of pedagogic activity,’’ and while expressing the inability of the 
students duly to appreciate his work as a man of science and as an active spirit 
in public life, hoped to convey to Vasilief their feelings towards him as a man 
and as a professor. It was indeed a stroke of good fortune which gave them the 
honor to congratulate the professor, and in doing so they felt in truth, that they 
were only the representatives of many former pupils, whose voice tho’ unheard 
lent its approval to the sentiments expressed in the address. Students in all 
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corners of Russia owing their knowledge to Alexander Vasilievitch would 
remember him on this eventful day, and would join with them and the audience 
in wishing him a prolongation of his activity in the future. 

The Rector of the University then paid his tribute of respect to the 
talents, energy, and work of Professor Vasilief. To him was due the high stan. 
dard of mathematics maintained in the University, and also the revival of the 
memory of Lobatchefsky. 

A deputation of the Physico-Mathematical Society then came forward to 
congratulate the learned professor ; the spokesman was the dean of the mathe- 
matical faculty, and before beginning his address he handed Vasilief a medal 
commemorating his election as honorary member of the society of which Alex- 
ander Vasilievitch is already president. 

The dean then ‘expressed it as his opinion, that Vasilief’s unparalleled 
activity in the Physico-Mathematical Society could hardly be sufficiently appre- 
ciated. Under his auspices the society which formerly existed as a branch of 
the Natural Science Society became an independent body, and it was due to his 
energy that this body had become famous in the world of science. 

Its new existence had been marked by the appearance, thanks to Vasilief, 
of periodical editions of the Society’s Magazine. 

He had besides organized public lectures on the system of the ‘‘University 
<xtension,’’ and needless to say they were crowned with brilliant success. But 
his chief service to science consisted in his rescuing Lobachefsky from undeserv- 
ed oblivion, and handing his name down to posterity. - Highly appreciating all 
these services which left behind them ineffaceable traces the ‘‘Physico-Mathe- 
matical Society had resolved to express its gratitude by hanging the portrait of 
Alexander Vasilievitch in the Lobatchevsky Library, as the portrait of its chief 
founder and active supporter.”’ 

The numerous congratulatory letters and telegrams were then read out. 
They came from nearly all Russian mathematical professors, from all Russian 
mathematical societies, and also trom numerous friends and admirers in various 
parts of Europe. Amongst the number was one from the St. Petersburg peda- 
gogue Shochor-Troitsky : ‘‘We honor,’’ wrote the professor, ‘‘not only the 
mathematician who thinks in a philosophical and historical manner, but a man 
of initiative who will never be forgotton in the history of Russian mathematics.”’ 


Kasan, Russia, January 13, 1900. 
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NOTE ON THE GENERAL EQUATION OF THE SECOND 
DEGREE. 


By GEORGE R. DEAN, Missouri School of Mines, Rolla, Mo. 


This paper is written for the benefit of the average sophomore who gets 
very little benefit out of the general discussion given in most text-books, and in 
most cases is bewildered with details. 

Let the directrix be rcosa+ysina—p=—0, focus (h, k), eccentricity e. Then 
the equation of the conic is 


(1—e®cos* a )x* — 2e* sinacosaxry+(1—e?sin® a)y? —2(h—e*® peosa)z 


+k? —e*p?—0. 
Comparing this with the equation 
ax® +2hry+cy? +2dr+2ey+f=0, 


we have the six equations, 


1—e*cos?a=an... (1). (2). 
—2e*sinacosa=2bn...(3). (A). 
k—e*psina——en.. . (5). h? +k? —e*p?=jn... (6). 


Eliminating @ between (1) and (2), 


2—e?—(a+c)n, or ——. .. (7). 
e (a+e)n n i) 
Subtracting the square of (3) from the product of (1) and (2), 
e>—1 


1—e? =(ac-- )n?, or . 
b*—ae 


(8). 


Since n*® is positive, e?—1 and b?—ac must have the same sign. 
Eliminating x between (7) and (8) and solving for e, 


+4(b—ac)] (a+e)? +4(b? —ac) 
2(b? —ac) 
The value of e* being positive, the negative value is rejected. 


Substituting in n=—-—-, n is found. 


at+e 


‘ |_| 
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e 
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d 4 
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8 
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(c—a)n 


From (1) and (2), cos2a@ 2 
—2bn 


From (3), sinda 
These equations determine @ without ambiguity. Substituting for a, e, 
nin the equations 
h—e* peosa——dn, 
psina=—en, 
h? +k? —e*p? Tn, 
and solving for h, k, p, the curve is completely determined. 


The solution of these last equations will be much simpler if the given 
equation is first transformed to the center, for we will then have 


h=e®peosa, k=e*®psina, h? +k? —e2p?=f'n, 


f’ being obtained by substituting the codrdinates of the center in the left hand 
member of the given equation. 
If a’=semi-major axis,’ —semi-minor axis,we have (1—e?). 
Let us take the equation 3x7 — 1l6y+20--0. 
Transformed to centre (—1, 8), 3x? +2ry+3y? —4-—0, we find 


+. sin2a-=—1, cos2a—(). 


In general the equations for h, k, p give two values of each quantity show- 
ing that the conic has two directrices and two foci. 

If e==1, then h—pcosa —dn, k-=—psina——en, h*+k?—p*-=fn. The 
terms containing p? cancel, showing that the parabola has one directrix and one 
focus at infinity. 


INTEGRATION OF ELLIPTIC INTEGRALS. 


By G. B. M. ZERR, A. M., Ph. D., Professor of Chemistry and Physics, The Temple College, Philadelphia, Pa. 


Continued from April Number. 
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(1+e?—2ecosp)? 


2)E(e. $7)—(1-+2e2) F( (65). 
t+ )E(e, 477)] (65) 
dy 

“(1+e?—2ecosp)! 


4 | 
= +e? 47) — (5 —2e? —Be* Fle, (66). 


J 9 (1+e? —2ecosp)! 


= [(1+14e2?—e4)E(e, $7)—(1+6e? —7e*) Fle, $7)]....(67). 


] 4 
D 
0 0 (1+e? —2ecosp): 157(1—e?)°® [ ( 3-+d52Ze 


+23e4)E(e, 47)—(31+5le* —67¢e4 —15e®) Fle, $77)].... (68). 


These expressions are also useful in finding the disturbing force between 
two planets. 

Jefore dealing with general expressions we will find expressions contain- 
ing the Elliptic Integral of the third order. 


II(e, 4 (69 
“(1+esin? 4), (1—e?sin? 4) ¢, 3 77) { ). 
> 

9 (1+esin* 4), (1—e?sin? 4) c 9 (1+csin? (1—e?sin? 4) 


dé 1 dd 
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0 (1+csin?@), o (1+ csin?4)) (1—e*sin? 4) 
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sint4dé +esin® A)? --2(1 +esin® 


Jo (1+esin®?4)) (1+csin?4)) (1—e®sin? 4) 
(1+ esin? 4), (1—e*sin?4@) J (l—e?sin? A) 


—[(c—e?) 


47)+e21I(e, c, $7)]....... 


l+csin?4), (l—e?sin?4) 9 (1+csin?4)) (1—e?sin?4) 


. 
o 


[(e-+1)2e? Me, c, 47)+(c—e? —2ce?) Fle, 37)].. 


o (1+esin? (1—e*®sin?4) o (1+esin? 4), (1—e*sin? 4) 


[cE(e, + e? —c) Fle, $7)—(e+1)e* c, 
c*e” 


(1+csin?4)) (1—e?sin?4) J 9 (1esin? 4), (1—e®sin?@) 


3 L(Se* — Bee? +c%e®+2c?)F(e, c, 377) 


— (2e* +2c2e* —Sce* Ele, 


‘ig sin4 Acos? (sint6—sin*4)d# 
Jo (1+esin?4)); 4) J 9 (1+csin? 4), (1--e*sin?4) 


ce, $7)+(2c? —3ce* )E(e, $77) 


3 


+ 2c? +3ce4) Fle, $7)] ...... (76). 


J is sin® Hcost6d6 
o (i+csin? 4), (1—e?sin?@) 


[(3e4 + e4 + e? +2c* ) Fle, $77) 


4 


c, $7)—(2c? — 4c? —3ce*)E(e, 77)]........ (77). 
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cos* ig (cos*#—sin?2 AeostA)dé 

Jo (1+esin?4), Jo (1tesin? (1—e*?sin?4) 

= 3e4(e +1)? c, $7) +(2¢c? e? —3ce?)E(e, 477) 


— (Set+9e2 et —3cee* +9cet e? +2c?) Fle. 
J sin’ 
o (i+csin?4),; (1—e*sin?4) 


[(1+esin? 4)*—(1 + 4esin® 6+6c2 aint 
9 (1+ecsin? 4), (1—e*sin® 


(1+csin*4)3d6 1 (1+-4esin?4+ 
o (l—e*sin*4) c4, 


4), (1—e®sin®4) 


= + 4% et —10¢7 e? —5c* + 1l5ce* —15e% 477) 


+15e%TI(e, c, +7e% e? +8c3 et — -— + .(79). 


Jo (1+esin?4)); Jo 


(1+esin?¢); 


1 
= —2e%e4 — 10c* et + )E(e, $77) 


— 15e®(e+1)/T(e, c, —c? et —10c? e* 


+10¢% + 15ce4— L5ce® —15e®) Fle, 


‘(1+esin?4), ad —esin? 124) 


(1—e?sin?@) 


1 


“15 e4 [15e%(e+1)* MMe, $77) —(8e% — 13c%e? + et — e* + 200% e4 
5ete 
+15ce*)E(e, $7)+ (8c? —17e%e? +-9¢% et —10c% e? +25c* et 


+ 15ce* —30ce* —15e*)F(e, (81). 


sin” 4cos* Add 
o (1+esin?¢), (1—e®sin?4#) Jo (1-+csin?4); (1—e?sin*@) 
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ee —23c%e? +238¢% e4 —10c2 e* +35c2e4+ 1dcet)E(e, 377) 


— c, —27c% +34¢3 et e* 


+ 40c? e4 +-15cet-— 15c% e® — e® — 15e*) Fle, $77)] 


cos (cos*#—cos® Asin? 4)dA 
Jo 4) 29 (1—e®sin?@) 


c, —38c3e? + 58c%e4 — +50c? 


+15ce*)E(e, —37c%e? 74c% e4 -- e? +55c% 
+15ce+— 60c%e® — 90c? — 60ce* — 15e°) Fle, 


sin'°Adé 1 (1+esin? 4)4d6 


(i+esin? 4), (i—e®sin? 4) 9 7/(1—e®sin?4) 
1 (37(1+5cesin? 4+ 10¢2sin4 6+ 


(1+ esin?4))/ (1—e?sin? 4) 


+ 16c4e? +17c*te4 + 24c4e® —56c%e* —21c%e4 —QWere6 
105c%e* 


+70c? et +35c? e& —105ce® +1058) $7)—(48ce4 +-40c4 e* 
+40cte4 +48c4e% —49c3 e4 — e® + et + 70c%e® 
—105ce® )E(e, $7)—105e8 c, 477)] 

As the foregoing are ample for illustration, we will proceed to other 


considerations. 
|To be Continued. | 
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DEPARTMENTS. 


SOLUTIONS OF PROBLEMS. 


ARITHMETIC. 
131. Proposed by M. A. GRUBER. A. M., War Department. Washington, D. C. 


A right frustum of a cone whose radii of the bases are 7 and s, 7~s, is to be divided 


into x parts of equal volume by sections parallel to the bases. What are the altitudes of 


the respective parts ? 
Solution by the PROPOSER. 
Let BCED-—-section of given frustum through the centers of the bases. 
Produce DB and EC until they meet in 4 ; and 
draw AG perpendicular to DE. Then AY and AG 
the respective altitudes of cones ABC and ADE; FG 
=altitude of given frustum ; DG=r, and BF =s. 
Draw HK parallel to DE so that the frustum 
with altitude /'L is m/u part of the entire frustum. 
Put a=FG ; and let x=—AF, y,,—=AL, and z HL. 


The similar triangles ABF and ADG give r:x+a 


ar 


r—s 


volume of cone ADE; volume of cone APC: 


tra(r? +s* +7rs)--volume of given frustum BCED : 


mam(r* +78 


= volume of frustum BCK T/T : 
on 


+(n—m)s* | 


and volume of cone AHA —cone ARC+frustum BCKH. 
on(r—s) 


From the similar volumes, cones ADE and AHA, we have 


+(rn—m)s3 


3(r—s) Sn(r—s 


Um re [mrs + | n—-m 


and Um 1 yn [ m +-] +-(n—m— ] )s*]. 


n(r—s) 
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which is the general value for the respective altitudes of the n equal parts of the 
given frustum. 
The limits of m are zero and n. 


r—s 
Hence as the altitudes of the equal parts diminish from s to r, y, —y)= 
the greatest altitude and y,,—%,_1=the least altitude. 
The radius of the mth section is z,, pn? +(r—m)s* 
Put a=12, r=3, s=2, and 
Then Ym 41—Yn=6{ [209m+51)]— [2119m+82)]}. 
Whence y, —y,==6[/ (102)—4]=4.034 y, —y, =6[ (140) — (102]= ‘ 
‘ 


3.121 ; (178) — (140)] =2.596 ; and y, —y,=6[6— (178)]=2..249. 
Also (102) =2.336 ; (140)=2.596 ; and z, (178) =2.812. 


Also solved in a very excellent manner by G. B. M. ZERR, and J. SCHEFFER. 


ALGEBRA. 


107. Proposed by CHARLES E. MYERS, Canton, Ohio. 
Given ryz=18....(1); +y?+2?=33....(2); and (#?—yz)§+(y? —22)8 
+ (2? —3(x2 — yz)(y* — xy) = 6561... .(3); to find x, y, and z. 


I. Solution by M. A. GRUBER, A. M., War Department, Washington, D.C. 


Expanding, uniting terms, and extracting square root of [8], we have 
+23 —3ryz—81....[4]. 
Substituting xyz=18, and transposing, [4] becomes 


x3 +y3 +23—135....(5). 


Put y=r+v, and z=r—v. 
Then, [1] becomes 
[2] becomes 3x*+2v*=33....[7], 
and [5] becomes 323+ 6zrv?==135 ..:[8]. 
From [6] and [8], we readily find z=3. Whence v=+,/3. 


£==8, y=3+ 1/3, and z= F //3. 
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Solution by HARRY S. VANDIVER, Bala, Pa. 


+-y? +2?—b=33....(2). 
(x8 +(y? + (2? — — y2)(y® —22)(z? —2y) =e = 6561 (3). 


Factoring (3) and using the customary notation for symmetric functions, 
we have 


2)? 
whence (22)( 2x*— 2xry)=+ ¢....(4). 
Now assume that x, y and z are the roots of the cubic 


v—mv? +nv—p=0....(5), 


and we are to determine m,n and p. From (1) we have p=a. Also we have 
identically, 


Thén from (2), (4) and (5) we have the following equations to determine 
mand n: 


mb—n)=+), ¢, m?=b—2n. 


Eliminating and substituting, we find that the original system is equiva- 
lent to 


m3 +bm F 2) c=—0....(6) 


where v2, y or z, and 1 ¢ has the same sign in both equations. 

Of course, this system may be algebraically solved only in special cases, 
but substituting the given numerical values we obtain, writing (6) and (7) as two 
systems, 


{ m3 +383m + 162—0. 
v3 —mv* + [33 + (81/m)]v—18==0. 


m3 +83m—162=0. 
v3 --mv? + [33 


Both systems admit of being solved by Cardan’s Method, giving 9 values 
for v in each—1 real and 8 imaginary. 


Also solved by H. W. KEATING, Pittsburg, Pa.,. ELMER SCHUYLER, J. SCHEFFER, G. B. M. 
ZEER, and COOPER D. SCHMITT. 
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GEOMETRY. 


133. Proposed by P. C. CULLEN, Principal of Public Schools, Indianola, Neb. 


If the two bisectors, trisectors, quadrasectors, ete., of a triangle are mutually equal, 
show that the triangle is isosceles. 


I. Discussion by BENJ. F. YANNEY, A. M., Professor of Mathematics, Mount Union College, Alliance, 0. 

Eight different ‘‘proofs’’ of this theorem have thus far appeared in Tur 
AMERICAN MATHEMATICAL MontHLy. It is proposed in this note to point out 
some fallacious, or otherwise unsatisfactory reasoning in the demonstrations 
used. 

I. Vol. Il, No. 5, page 157. 

The weak point in this is the apparent assumption that points O and N 
always fall within the side AB. Now, in the absence of definite knowledge to 
the contrary, we must assume that point O, for instance, may fall between A and 
B, on A, or in BA produced. — So, either it must be proved that O can fall only 
between A and B, or else each of the other two cases must be considered, before 
the truth of the theorem is established. 

Il. Vol. Il, No. 6, page 189. 

Aside from the fact that this demonstration is unintelligible to the student 
merely of geometry, it is quite evident that there exist other relations between 
v« and y than the one selected. Hence, barring the knowledge we may have from 
other sources, in this method there lurks the suspicion that the hypothesis of 
equal bisectors may yield also other than isosceles triangles. That is to say, 
‘yy’? is not the only conclusion that can be drawn from the premises. 

Ill. Vol. Il, No. 6, page 190. 

Here the fallacy is in assuming BD. DC<BE.AE,simply because / A< C. 
With as much show of reason we might say, since 10<12, and 5, a part of 10, 
<93. a part of 12, therefore 5.5<93.23. 

IV. Vol. Il, No. 6, page 160. 

A most flagrant fallacy lies on the surface of the statement: ‘Now the 
right triangles AFL and ADK are similar, respectively, to AFN and AGM. But 
these last triangles are equal, and hence the triangles 4 EZ and ADK are equal.” 

V. Vol. Il, No. 6, page 160. 

The fallacy here lies in the reasoning that the greater the arc, the greater 
the chord, which is necessarily true only when the ares are less than a semi-cir- 
cumference. 

VI. Vol. V, No. 4, page 108. 

This is the same ‘‘proof’’ as V above. 

VII. Vol. V, No. 4, page 108. 

The last statement in the first paragraph vitiates this demonstration. Be- 
eause ACO> / ABO, it does not follow that AN > AF’; although it is true that 
if 7 ACB> Z ABC, then ABSAC. But in the latter case, we have different 
criteria than in the former. 
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The only valid proofs among all the number in the Montary are the fol- 
lowing: VI, Vol. II, No. 6, page 189, and III, Vol. V, No. 4, page 109. 


II. Demonstratfon by B. F. FINKEL, A. M., M. Sc.. Professor of Mathematics and Physics, Drury College, 

Springfield, Mo. 
Let ABC be atriangle such that the bisectors AD and BE, of the angles 

A and Bb, respectively, are equal. About the triangles 
ADC and BEC describe circles. These circles are equal, 
since the chords AD and BE are equal, by hypothesis, 
and the ares subtended by these chords, each being the 
measure of the angle C. 

Therefore the chords BF and DF are equal, since 
each is subtended by the equal ares BF and DF, which 
measure the angle FCB. In like manner, the chords AF 
and EF are equal. Therefore the triangles AFD and BFE are equal, and hence 
the perpendicular from F to AD is equal to the perpendicular from Fito BD, 
Therefore OF bisects the angle AOR. Since O is the in-center, the line CO bi- 
sects the angle C, and, therefore, CO produced passes through the middle points 
of P and Q of the equal ares AFD and BFE, respectively,—points equally dis- 
tant from AD and BE, and, therefore, on opposite sides of the line OF. Hence 
the points P and Q must coincide with F, and the line AOF bisects both the 
angle ACB and AOC. Hence, since AO equals BO, and CO equals CO, and the 
angle ACO equals the angle BCO, the side AC equals the side BC, and the tri- 
angle is isosceles. 

The same proof applies for the trisectors, quadrisectors, ete. 

Norr.—The above demonstration is adapted from a demonstration, inthe /ducation- 
al Times, London, England, by D. Biddle, editor of the Mathematical Department of that 
magazine. This seems to me to be a rigorous and direct demonstration and the simplest 
and most satisfactory that I have ever seen. 

Mr. J. S. Mackey says. in the Educational Times, ‘A direet proof of this question 
will be found in the London. Edinburgh, and Dublin Philosoph ical Magazine (Fourth Series), 
Vol. NLVIT, pages 854-7 (1874).”’>) Mr. R. Tucker, in the same magazine, says, ‘‘This ques- 
tion Was proposed as question 1907, in the Lady's and Gentleman’s Diary for 1856, and is 
solved on page 58 (1857) by Messrs. T. T. Wilkinson, J. W. Elliott (the proposer), and an- 
alytieally by others. Mr. Wilkinson returns to the problem in his ‘Notze Geometric’ in 
the Diary for 1859, page 87. An historical note is added on page 88 which traces the ques- 
tion back to the Nouvelles Annales for 1842. Professor Sylvester drew attention to the sub- 
ject in the Philosophical Magazine for November, 1852. Dr. Adamson further discusses the 
matter in the Philosophical Magazine for April, May, and June, 1853. The best article I 
know on question 1907 (Diary), appears in section 11 of Wilkinson’s ‘Notze Geometric’ in 
the Diary for 1860, pages 84-86, with a neat proof by Rev. W. Mason. I find that the above 
references are given in Dr. Mackay’s Euclid, Page 108. In the key to this work, 
Dr. Mackay prints a proof by M. Descube.”’ 

Mr. W. J. Greenstreet, in the same journal, the Hducational Times, says, ‘For this 
and the similar theorem for two symmedians, see Intermediarie des Mathématicians, Vol. 
II (1895), pages 151, 325, If the external biseetors of A and B are equal, it does not fol- 
low that the triangles are isosceles. The data lead to 4Rr1 = «2 + be in the triangle sides 
a.b,e(V. Mathesis, page 261, 1885).”’ 
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This theorem has been published in the Monrnuty three times already in the seven 
years of the Monrmiy’s existence, and has been proposed for publication an innumerable 
number of times. We have given it considerable attention inasmuch as it has been con- 
sidered by such noted mathematicians as Professor Sylvester. It is said that Dr. Todhun- 
ter tried to find a direct proof of it, but failed. Being the converse of the very simple 
theorem, The bisectors of the base angles of an isosceles triangle are equal, one hastily infers 
that the proof of it is quite easy. But such is not the ease, as is readily seen when a sim- 
ple and direct proof is attempted, and also from a study of the history of the theorem. 

We hope that the above demonstration will be appreciated by our readers, and that 
in the future efforts, if any, will be made to give simpler proofs than this one. 

Demonstrations were again furnished by G. B. M. Zerr, P. C. Cullen, George B. 
Birkhoff. We also received a few demonstrations that contained fallacies. 

The fallacy in proof V, of Vol. TT was also pointed out by Dr. E. S. Loomis of Cleve- 
land, Ohio. 


THE PYTHAGOREAN PROPOSITION, 


Prof. D. A. Lehman, Baldwin University, Berea, Ohio, offers the follow- 
ing proof of the Pythagorean Proposition : 
Given triangle ABC right angled at C, to prove c?==a? +b?, 
Draw AD parallel to CB, BD parallel to AC, CE’ perpendicular to AB, 
(cutting BD at F, and AB at AK), HF parallel to CB, and DE parallel to AB. 
Of the nine similar‘triangles thus made, let us con- 
sider three: (1) ABC, (2) FBC, (3) DEF. 
CF : ea +6; CF 


Now DF=DB—FRB==b— a*/b 


In (3) and (1). EF: a 
b c 


—a® a ( 


b 


{BC=}DBCA CE [CF + FE] 


cfac,ab a?’ ac? ab as 


Dr. E. 8. Loomis, Professor of Mathematics in the West Cleveland High 
School, contributes the following interesting results on Magic Squares : 
Suppose in the above figure that the sides AC, BC, and AB are 4, 3, and 
5, respectively. On these side construct squares containing 16, 9, and 25 unit 
squares. In the first row of unit squares along AC put the numbers 
16, 6, 5, 19; in the next row above this, put 
the numbers 11, 13, 14, 8; in the next row above this, put 
the numbers 15, 9, 10, 12; 
in the next 4, 18, 17, 7. 
These numbers added horizontally, vertically, or diagonally give a sum 
of 46. 
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In like manner, place the following numbers as described above along 
CB beginning at C. 
3, 47, 52 
49, 45 
57, 50 
These numbers, when added horizontally, vertically, or diagonally, give 
a sum==147, 
In the same way, place the following numbers in the unit square along 
AB beginning at A. 


bo 


30, 

26, 

21, 

28, 

20, 
These, when added horizontally, vertically, or diagonally, give a sum=-125. 
Now 4x 46+3 x 147=-5 x 125, that is, the sum of all numbers in the hy- 

potenuse—square=-the sum of all numbers in the two leg-squares. 


bd po 


~1 Co 


134. Proposed by J. C. GREGG, A. M., Superintendent of Schools, Brazil, Ind. 


lf ABCD is a quadrilateral circumscribing a circle, show that the line joining the 
middle points of the diagonals 1B, CD passes through the center of the circle. 


I. Solution by WILLIAM HOOVER. A. M., Ph. D., Professor of Mathematics and Astronomy, Ohio Univsr- 
sity, Athens, Ohio. 


Taking two of the lines as axes and the other two as lx+my=1 
Vat+m'y=1....(2), we find the two vertices of the quadrilateral on the codrdin- 
ate axes (0, 1/m), (1/l', 0), and the middle of the diagonal of which these are 
the extremities (1/2l’, 1/2m)....(3). 

The codrdinates of the intersection of (1) and (2) are 

m—m’ 
; 3 Y=; 
Um—In 
which and the origin are the extremities of the second diagonal. The middle of 
this diagonal is 


{ m—n’ 
\2(’m—Im’y’ 


Any conic touching the four lines is of the form 
(ax + by— 1)? —2éry=0.... (6). 
For (6) to be tangent to (1) and (2), 
4—=2(a--l)(b—m)....(7) or 


respectively. ‘The center of (6) is given by 
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Kliminating a, b, and 4 from (7), (8), and (9), 


— m)jx+2mm’ SURRY, 


the locus of the centers of all conics inscribed in the given quadrilateral, 


(10) is satisfied by (8) and (8). 


II. Solution by G. B. M. ZERR, A.M.. Ph.D., Professor of Chemistry and Physics, The Temple College. Phil- 
adelphia, Pa. 

Let ABCD be the quadrilateral ; circumscribing the circle, center 0; E, F 
the midpoints of AC. BD, respectively. Take G@ any other point in line LP 
through EF. Draw DL, AM, BN, CP per- 
pendicular to LP. ThenZLDF=/NBP, 

DF=BF. 
DL=BN. Also ZMAC=/ PCA. 
AE=CE., 

BGC BEC+ABGE+ ACGE 
AGD:= \ AED— AGE— AGDE. 

But BGE GDE, ACGE=a AGE. 

bGC+ A AGD BEC+ AAED, 

But A BEC=3a ABC, A AED=%3 a4 ADC. 

BGC+ AAGD=3 A ABC+44 ADC=3 quadrilateral ABCD, 

Similarly AGB+ 4 DGC--3 quadrilateral ABCD. 

Therefore the straight line LP through EF is the locus of any point 
(¢ which moves so that the sum of the triangles BGC and AGD is equal to the 
sum of the triangles AGB and CGD, 

Now AAOB==sr.AB, A BOC=341. BC. 

COD DC, A DOA=3r. AD. 

Since AB+DC--BC+AD, AOB+» DOC BOC+ 4 DOA-=3 quad- 
rilateral ABCD. 

.. O must be on LP. 


Notr.—This theorem is exercise 66, on page 469, of Phill ps & Fisher’s Elements of Geometry. We 
are quite sure that the ordinary Freshman would experience much trouble in effecting a demonstration. 
Professor Zerr has effected an excellent proof by Euclidean Geometry. The theorem was also proved by 
COOPER D. SCHMITT and CHARLES C. CROSS. 
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CALCULUS. 


101. Proposed by WILLIAM FRED FLEMING, Denison, Tex. 


A 24-inch joint of 6-inch stove pipe is compressed at one end to make it fit over an 
elliptical opening in a stove (for the escape of smoke). The ellipse hasa major axis of 8 
inches. What reduction is there in the solid contents of the stove pipe, assuming that its 
compressed shape may be generated by a 6-inch circle which passes uniformly from one 
end to the other and perpendicular to the axis of the pipe ? 


I. Solution by G. B. M. ZERR, A. M., Ph. D., Professor of Chemistry and Physics, The Temple College, Phil- 
adelphia, Pa. 


The perimeter of an ellipse semi-major axis a is 


$ 
4af 1—e®sin®? 
0 


In this problem a==4 and s=67, the circumference of the pipe. 


Let e=u. Then u+,,u? + 5,03 
By reversion of series we* —.8013. 
b=ay,/ (1—e? )=4y/ (.1987)=1.783 inches. 
Let the pipe be compressed uniformly for the entire length. Also let 
mary be the area of any elliptical section, and z the distance of this section from 
the circular end of the pipe. 


72— 1.2172 


12+ 
Then a 94 


nxn 


V=—624.4568 cubic inches. 
V,==volume before compression. 
V x 24=678.5856 cubic inches. 
.. V,— V=-54.1288 cubic inches reduction in volume. 
II. Solution by H. C. WHITAKER, Ph. D., Professor of Mathematics, Manual Training School, Philadelphia, 
Pa, 


Denote the length of the pipe (=24 inches) by h, the semi-major axis 
(=4) of the ellipse by a, the semi-minor axis by 5, the eccentricity by e, the 
radius of the circle (=3) by vr. Then equating semi-perimeters : 
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Solving by trial, e=.895, and b=1.784. 
At a distance of z from the circular end of the pipe, the section is an el- 
lipse, the semi-axes of which are found to be 


hr—rz+az hr—rz+bz 
and 
h h 


Hence the volume is 


e 0 h \ h 6 


Hence the loss eubie inches. 


MISCELLANEOUS. 
82. Proposed by A. H. BELL, Hillsboro, IIl. 
Four spheres of equal radii=r=5, are in contact, and form a triangular pyramid. 
How large is the sphere that can be placed in the middle and be in contact with the four 
spheres. 
Solution by J. W. YOUNG, Fellow in Mathematics, Cornel! University, Ithaca, N. Y., and J. SCHEFFER, A. 
M., Hagerstown, Md. 

Let A, B, C, B’ (Fig. 1) be the centers of the four spheres. They evi- 
dently form the corners of a regular tetrahedron. Fig. 2 is a picture of a plane 
section of the pyramid of spheres, passed through the points AB’L, where L is 
the point of tangency of the two spheres (C, B). ; 

From Fig. 1, 

AN/AM=sin60° ) 
AN /AB'=-cos60° 
AB'/AM=tan60° =) 3=secDAM. 

In Fig. 2, then, 2 DAM is sec, 3. It 
is clear that the required small sphere must 
have its center on DM. and must touch both 
spheres (A, D). Let 2 ADM=6. 

Then sinf=1/,'3, cos#=, DT/r= 3. 

DT=(r/2), 6. 

RT=DT--r= (7/2), 6—2)=radius of small sphere. 

gives R7'=1.1288. 

85. Proposed by COOPER D. SCHMITT, A. M., Professor of Mathematics, University of Tennessee, Knox- 
ville, Tenn. 
Prove that at least one of the three sides of a rational right triangle must be divis- 
ible by 5. 
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Solution by BENJ. F. YANNEY, A. M., Professor of Mathematics, Mount Union College, Alliance, 0. 


In THE AMERICAN MATHEMATICAL MonrHty, No. 1, Vol. I, Dr. Dickson 
gives the following formule for finding lowest integers representing the sides of 


aright triangle: m+, (2mn), (2mn), (2mn), in which m and n 
are Shown to be integers, prime to each other, the one an odd square, the other 
twice any square, except such as would make m and n have a common factor. 

We may represent, then, m and n by (27+1)* and 238°, respectively. 

Now, if any one of the three sides of a rational right triangle is divisible 
by 5, so then alsu is their product ; and, conversely. 

The product of the three sides, represented by the above formulae, is 
+ (2Qmn), the first three terms of which 
are evidently divisible by 5. Then, substituting in the last term for m and n 
their equals, (2r+1)? and 28°, we have 


Again, all possible integers may be represented by 5k+1, 5k+2, 5k+3, 
5k+4, and 5k+5., 

It is plain that if s=-5k4+45, (1) will be divisible by 5, no matter what 
value r may have. So, too, if r=5k+-2, no matter what s may equal. We still 
have to show that the last factor of (1) is divisible by 5 when s has any other 
value than 5k-+-5, while at the same time ¢ has any other value than 5k+2. 

Note that under these conditions all the literal terms of (2r+1)* and 4s4 
are divisible by (5), while the numerical term of (27+1)* always ends with 1, 
and that of 4s* with 4; hence the numerical term of (2r+1)*+4s* always ends 
with 5. Therefore, in any case, (1) is divisible by 5, which proves the 
proposition, 

CoroLLaRy. By the same method, it may be proven that one of 
the numbers representing the legs of a rational right triangle must be divisible 
by 38. Dr. Dickson has shown that one must be divisible also by 4. 


PROBLEMS FOR SOLUTION. 


ARITHMETIC. 


134. Proposed by ALOIS F. KOVARIK, Instructor in Mathematics and Science, Decorah Institute, Decorah, 
Towa. 


A certain piece of land is surrounded by a four-board fence, the boards being 16 feet 
long. The number of acres in the land equals the number of boards in the fence. How 
many acres in the land ? 

135. Proposed by NELSON L. RORAY, Brigdeton, N. J. 
If 6 is one-half of 10, what part of 20 is 12? Also what part of 30 is 10? 


x*y Solutions of these problems should be sent to B. F. Finkel not later than Dee. 10. 
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ALGEBRA. 


123. Proposed by ELMER SCHUYLER, B. Sc., Professor of German and Mathematics, Boys’ High School, 
Reading, Pa. 


9 +2) a*—1=a! 

(ita)? and; a a a*y 
Haddon. 


124. Proposed by J. SCHEFFER, A. M., Hagerstown, Md. 
A certain quantity of aleohol diluted with water so that in one liter there are ¢ li- 
ters of pure alcohol, is mixed n times successively with p times the quantity of aleohol di- 
luted so that 1 liter contains a liter of pure aleohol. How much pure alcohol does one li- 
ter of the nth mixture contain ? 
x*, Solutions of these problems should be sent to J. M. Colaw not later than Dee. 10, 
GEOMETRY. 
151. Proposed by FRANK A. GRIFFIN, Assistant in Mathematics. University of Colorado. 
A point is at a distance of 1 inch, 2 inches, and 24 inches, respectively, from three 
corners of asquare. Construct the square. Also solve for the general distances a, b, ¢. 


152. Proposed by ELMER SCHUYLER, B. Sc., Professor of German and Mathematics, Boys’ High School, 
Reading, Pa. 


Find a point in a given straight line, such that tangents drawn from it to two given 
circumferences shall make equal angles with the line. Chauvenet. (Four solutions.) 


153. Proposed by WILLIAM HOOVER, A. M., Ph. D., Professor of Mathematics and Astronomy, Ohio Uni- 
versity, Athens, Ohio. 


If P, P’, Q, Q be the extremities of two chords of a conie section, and both chords 
pass through the point 4, show that the sum of the squares of the reciprocals of AP, AP’, 
AQ, AQ’ is constant. 


x*y Solutions of these problems should be sent to B. F. Finkel not later than Dec. 10. 


CALCULUS. 


114. Proposed by JOHN M. COLAW, A. M., Monterey, Va. 


If two concentric ellipses have equal axes inclined at an angle @, their 
common area is 


A=2abtan ). 
\ 


a*—b*) sing 


115. Proposed by F. P. MATZ. M. Sc., Ph. D., Professor of Mathematics and Astronomy in Irving College, 
Mechahiesburg, Pa. 


The axes of two right elliptic cylinders intersect at right angles, major aves 
of the sections are perpendicular. Supposing the axes to be (A, B)>(a, b), what 
is the common volume ? 


x*, Solutions of these problems should be sent to J. M. Colaw not later than Dee. 10. 
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MECHANICS. 


103. Proposed by F. P. MATZ. M. Sc., Ph. D., Professor of Mathematics and Astronomy, Irving College, 
Mechanicsburg, Pa. 


If the sun were moved into the center of the earth’s orbit, how much would the 
present length of the year be changed ? 


104. Proposed by W. H. DRANE, Graduate Student, Harvard University. Cambridge, Mass. 

A tight roll of very thin and perfectly flexible oileloth is placed upon a rough in- 
clined plane, a portion of the cloth being unrolled and, extending from underneath the 
roll, is spread out smoothly upon the inclined plane below. The roll is then allowed to 
descend under the action of gravity, picking up the cloth as it goes. Determine the mo- 
tion as far as possible. 

x*, Solutions of these problems should be sent to B. F. Finkel not later than Dee. 10. 


DIOPHANTINE ANALYSIS. 


85. Proposed by A. H. BELL, Hillsboro, Ill. 
Given #?—85}y?=-5. What is the value of x and y in whole numbers ? 
86. Proposed by B. F. FINKEL, A. M., M.Sc.. Professor of Mathematics and Physics, Drury College, Spring- 
field, Mo. 
Prove that «* +1457=0 (mod. 2389) is insoluble. 
#*x Solutions of these problems should be sent to J. M. Colaw not later than Dee. 10. 


MISCELLANEOUS. 
96. Proposed by H. M. CASH, Love City, Guernsey County, Ohio. 
A stick of timber is 12 feet long, 8 inches deep, and 3 inches wide at one end; and 5 
inches deep, and 12 inches wide at the other end. At what distance from either end 
should it be eut to divide it into two equal parts. 


97. Proposed by G. B. M. ZERR, A. M., Ph. D., Professor of Chemistry and Physics, The Temple College, 
Philadelphia, Pa. 


A spherical soap-bubble is electrified in such a way that the excess of the internal 
over the external air pressure is 2* when the bubble isin equilibrium. How does the ten- 
sion of the film vary with the electric density ? 


#*, Solutions of these problems should be sent to J. M. Colaw not later than Dee. 10. 


EDITORIALS. 


Prof. John B. Faught, Instructor in Mathematics in the Indiana Univer- 
sity, has been elected Professor of Mathematics in the Northern State Normal 
School. Marquette, Michigan. 
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Prof. W. H. Carter, formerly Protessor of Mathematics in Centenary Col- 
lege, Jackson, Louisiana, has been elected Professor of Mathematics in the Uni- 
versity Schoo] for Boys, Stone Mountain, Georgia. 

We are grieved to announce the death of H. T. J. Ludwig, Professor of 
Mathematics in the North Carolina College, Mt. Pleasant, North Carolina, which 
occured July 28th. Professor Ludwig was a regular contributor to the Mathe- 
matieal Visitor, edited and published by Dr. Artemas Martin, to which he con- 
tributed some excellent solutions, and has been a subscriber to the MONTHLY 
from the beginning. 


BOOKS AND PERIODICALS. 


School Arithmetic.—Advanced Book. By John M. Colaw, A. M., Asso- 
ciate Editor of THe AMERICAN MATHEMATICAL MontTHLY, Monterey, Virginia, 
and J. K. Ellwood, A. M., Principal of the Colfax School, Pittsburg, Pennsy]- 
vania, author of Table Book and Test Problems in Elementary Mathematics. 
Svo. Cloth and Leather Back, 442 pages. Price, 60 cents. Richmond, Va.: B. 
F. Johnson Publishing Co. 

This book, we are told in the preface, was prepared with a view to meet the needs 
of progressive teachers in the best publie schools. The work is modern yet conservative. 
The Inductive Method is applied in great measure throughout the book ; new topies are 
introduced by carefully prepared questions and suggestions; Oral and Written Work are 
given with every appropriate subject; few rules are given and these are usually in the 
form of definitions ; and Bank Practice is treated from the stand-point of modern banking 
principles, the information on the subject having been furnished by prominent bank offic- 
ials. The book is well gotten up and the authors are to be congratulated on the arrange- 
ment and plan of the work. 


Annals of Mathematics. Published under the auspices of Harvard Uni- 
versity. Second Series, Vol. II, No. 1. Published Quarterly. Price, $2.00 
per year in advance. 

This number contains the following articles: Wiener’s Theory of Displacement, 
with an Application to the Proof of Four Theorems by Chasles, by Arthur Sullivan Gale; 
The Complex of Axes of a Central Quadratie Surface, by Edward V. Huntington; Galois’ 
Theory of Algebraic Equations, Part II, Irrational Resolvents, by James Pierpoint. 

B. 

Popular Astronomy. . Edited by Wm. W. Payne and H. C. Wilson, North- 
field, Minn. Issued Monthly. Price, $2.50 per year in advance. 

The October number contains, among other articles, an interesting paper by Wm. 
W. Payne, on The Planet Eros. Also Tables of Observation of Eros. B. FF. 


The Literary Digest. A Weekly Compendium of the Contemporaneous 
Thought of the World. Price, $3.00 per year in advance. Single number, 10 
cents. Funk & Wagnalls Co., Publishers, 30 Lafayette Place, New York. 

The issue for October 27 contains a brief resume of the principal events of the week. 
This magazine will keep the busy man posted on matters pertaining to Art, Science and 
Invention, and Religion. B. F. F. 
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Vou. VII. NOVEMBER, 1900. 


ROBERT TUCKER. 


By GEORGE BRUCE HALSTED. 
OBERT TUCKER was born at Walworth in Surrey on April 26th, 1832. 
His forefathers were from the Isle of Wight. When at the Woodard 
School at New Shoreham the temporary head of the school was his 
cousin, Henry Jacobs, Michel Fellow of Queen's College, Oxford, and 
it was by his advice that Robert became a candidate for a sizarship at St. John’s 
College, Cambridge (Sylvester’s College). The Johnian freshman entered upon 
his University career in the Michaelmas term of 1851. 
‘In the matter of college examinations the viva voce and the ‘‘Seven Devils’’ 
were still in existence. 
The Seven Devils was an examination paper in algebra consisting of sev- 


en problem-puzzles of the most trying description, in which the data mostly 
translated themselves into simultaneous equations in an appalling number of 
unknowns. In the mathematical viva voce Tucker remembers being asked to 
expand tanz in a series. In this cheerful mental exercise he succeeded even be- 
yond the first term. Three years later he was promoted to a Foundation Schol- 
arship, and in the Tripos list of 1855 he was ranked as a Wrangler. 

This year was a notable one for Johnian successes; no less than ten 


Johnians appeared in the first class, including the Senior, second, and third 
Wranglers. With the second Wrangler, Leonard Courtney, now the Right Hon- 
ourable Member of Parliament for Bodmin, Tucker took a walking tour, planned 
to include several of the English battle-fields, Bosworth, Nasby, Worcester, etc. 
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The tour was made in a costume of Courtney’s own designing, which at- 
tracted such attention that at Oakham their private room was invaded by the 
excited populace under the conviction that they were Paddy Noon and Paddy 
Gell, two noted prize-fighters who were expected. 

In February, 1859, he took his M. A., and went as master to the school 
of J. A. Wall at Portarlington. Among his pupils here was W. M. T. Morgan, 
who afterward took a brilliant degree at Trinity College, Dublin. 

In 1865 University College School had need of a successor to the late G. 
C. DeMorgan as Mathematical Master, and chiefly through the warm support of 
his candidature by Todhunter, Mr. Tucker was chosen. In the same year was 
founded the London Mathematical Society, and in October Mr. Tucker was 
elected a member. This was soon followed by his election to the Council, and, 
in November, 1867, by his appointment to the Honorary Secretaryship. This 
office he holds to the present day, having now been sole editor of seven hundred 
numbers of the Proceedings of the London Mathematical Society. In April, 
1866, he married Elizabeth, the only daughter of William Byles, of Freshwater. 
They have three daughters. 

The year 1871 saw a new undertaking in the shape of the Association for 
the Improvement of Geometrical Teaching. Mr. Tucker was Local Secretary 
for London, and subsequently Honorary Secretary and Vice President. 

He has contributed to the mathematical columns of the Educational Times 
with scarcely an intermission from 1863. His memorial and _ bivgraphical 
notices of Gauss, Chasles, Spottiswood, and Hirst together with reviews of many 
mathematical works, may be found in Nature. For Cayley’s paper on Sylvester 
in that journal Mr. Tucker supplied the biographical details, with which it is 
important to note that Sylvester was satisfied, as he called upon Mr. Tucker and 
struck out only one insignificant detail. 

As a geometer. Mr. Tucker is widely known as one of the creators 
of ‘*Recent Geometry,’’ or the modern Geometry of the Triangle, the Lemoine- 
Brocard Geometry. His name in this regard finds itself in honorable association 
with those of Brocard, Lemoine, and Neuberg. 

There is a family of circles now universally known as ‘*Tucker’s Circles.”’ 
If there be two triangles with parallel sides, their vertices upon copunctal 
straights, crossing on their common symmedian point. Then the six intersec- 
tions of their sides are concyclic on a ‘‘Tucker’s Circle.”’ 

Though the majority of University College School boys went in for engin- 
eering or a London University Degree yet the showing of Mr. Tucker’s pupils at 
Cambridge is still very remarkable, witness the following : 

1866. Ogle, 29th Wrangler. 

1867. Puller, 19th Wrangler. 

1874. W. W. Rouse Ball, 2d Wrangler and First Smith’s Prizeman. 
(This is the well-known historian of mathematics). 

1875. Saunder, 14th Wrangler. 

1877. Kikuchi, 19th Wrangler. (The first Japanese Wrangler). [Since 
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